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COHEN-MACAULAYNESS OF REES ALGEBRAS OF DIAGONAL
IDEALS
KUEI-NUAN LIN
Abstract. Given two determinantal rings over a field k. We consider the Rees
algebra of the diagonal ideal, the kernel of the multiplication map. The special fiber
ring of the diagonal ideal is the homogeneous coordinate ring of the join variety. When
the Rees algebra and the Symmetric algebra coincide, we show that the Rees algebra
is Cohen-Macaulay.
1. Introduction
Determinantal rings and varieties have been a central topic of commutative algebra
and algebraic geometry. The embedded join of two subschemes X, Y of Pnk is another
important subject. When X = Y , the join construction yields the classical secant variety.
Join varieties are an important topic in algebraic geometry. The embedded join of X and
Y is the closure of the union of all lines passing through two distinct points of X and Y .
An important question is whether the vaiety is all of Pnk . As the special fiber ring of the
diagonal ideal is the homogeneous coordinate ring of the embedded join, it is natural to
investigate the blowup along the diagonal, rather than just the special fiber in the blow
up.
To study join varieties of determinantal varieties, we investigate blowups in products
of determinantal varieties. It turns out that for some of the cases where the embedded
join is the whole space [S-U], the Rees algebra and the symmetric algebra of the diagonal
ideal coincide [L]. In this work, we show that the Rees algebras are Cohen-Macaulay in
those cases. This continues work of Simis and Ulrich [S-U], and of the author [L].
We now describe the setting. Let k be a field, 2 ≤ m ≤ n integers, X = [xij ] an m×n
matrix of variables over k, and I = Iu1(X), J = Iu2 (X) the ideals of k[X ] generated by
the u1 × u1 minors of X and the u2 × u2 minors of X . Let R1 = k[X ]/I, R2 = k[X ]/J
be two determinantal rings. We consider the diagonal ideal D of S = R1 ⊗k R2, defined
via the exact sequence
0 −→ D −→ S mult.−→ k[X ]/(I + J) −→ 0.
The ideal D is generated by the images of xij ⊗ 1 − 1 ⊗ xij in S. The homogeneous
coordinate ring of the embedded join variety is the k-subalgebra of S generated by the
images of xij⊗1−1⊗xij . Those elements are homogeneous of degree 1. The homogeneous
coordinate ring of the embedded joint variety J (I, J) ⊆ Pmn−1k of the determinantal
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varieties V (I), V (J) in Pmn−1k can be identified with R(D) ⊗S k = F(D) regarding k as
S/m where m is the homogeneous maximal ideal of S.
The scheme Proj(F(D)) is the special fiber in the blowup Proj(R(D)) of Spec(S) along
V (D). In this work, we study, more broadly, the blowup, rather than the special fiber.
Theorem 1. The Rees algebra R(D) is Cohen-Macaulay if I and J are generated by the
maximal minors of submatrices of X.
In [L], the defining ideals of Rees algebras of diagonal ideals have been determined in
the setting of theorem 1. Let K be the defining ideal of the Rees algebra of D. By the
proposition below, we deduce that K is Cohen-Macaulay once we show in(K) is Cohen-
Macaulay.
Proposition 2. (a) [E][15.15] Let R be a polynomial ring over a field k, > be a monomial
order on R, I an ideal of R and in(I) the initial ideal of I with respect to the term order
>. Let a1, ...., ar be polynomials in R such that in(a1), ..., in(ar) form a regular sequence
on R/in(I). Then a1, ..., ar is a regular sequence on R/I.
(b) [E][15.16, 15.17] If R/in(I) is Cohen-Macaulay, then so is R/I.
We use combinatorial commutative algebra to show in(K) is Cohen-Macaulay. With
respect to a suitable term order, in(K) is generated by square-free monomials [L]. Square-
free monomial ideals in a polynomial ring are also known as Stanley–Reisner ideals. This
leads us to consider Alexander dual ideals:
Theorem 3. [E-R] Let I be a square-free monomial ideal in a polynomial ring R. The
ring R/I is Cohen-Macaulay if and only if the Alexander dual ideal I∗ has a linear free
resolution.
With Theorem 3, we need to show that (in(K))∗, the Alexander dual ideal of in(K), has
a linear free resolution. To do so, we find a suitable filtration starting from the Alexander
dual ideal of in(K).
Acknowledgments: This work is based on author’s Ph. D. thesis from Purdue
University under the direction of Professor Bernd Ulrich. The author is very grateful for
so many useful suggestions from Professor Ulrich.
2. Defining Equations of Rees Algebras
Let k be a field, 2 ≤ m ≤ n integers, Xmn = [xij ], Ymn = [yij ], Zmn = [zij ], m
by n matrices of variables over k. Let 2 ≤ si ≤ ti integers, and Xs1t1 , Ys2t2 are the
submatrices of X and Y coming from the first si rows and first ti columns. I = Is1(Xs1t1),
J = Is2 (Xs2t2) the ideals of k[X ] generated by the maximal minors of Xs1t1 and the
maximal minors of Xs2t2 . Let R1 = k[X ]/I, R2 = k[X ]/J be two determinantal rings.
We consider the diagonal ideal D of R1 ⊗k R2, defined via the exact sequence
0 −→ D −→ S = R1 ⊗k R2
mult.−→ k[X ]/(I + J) −→ 0.
The ideal D is generated by the images of xij ⊗ 1− 1⊗ xij in R1 ⊗k R2.
We write the diagonal ideal D = ({xij − yij}) in
S = k[Xmn, Ymn]/(Is1(Xs1t1), Is2 (Ys2t2))
∼= R1 ⊗k R2.
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We have a presentation of D,
Sl
φ
−→ Smn −→ D −→ 0
From this we obtain a presentation of the symmetric algebra of D,
0→ (image(φ)) = J −→ Sym(Smn) = S[Zmn] −→ Sym(D)→ 0.
Here J is the ideal generated by the entries of the row vector [z11, z12, ..., z1n, ...., zmn] ·φ.
Hence
Sym(D) ∼= S[Zmn]/J,
where J is generated by linear forms in the variables zij . We write R(D) = S[Zmn]/K,
J ⊂ K. In general K is not generated by linear forms. We can rewrite Sym(D) =
S[Zmn]/J = k[Xmn, Ymn,Zmn]/J and R(D) = k[Xmn, Ymn, Zmn]/K.
Theorem 4. [L] Notation as above. Let Xa1...as1 be the s1 by s1 submatrix of Xs1t1
with columns a1, ..., as1 , Yb1...bs2 the s2 by s2 submatrix of Ys2t2 with columns b1, ..., bs2 ,
X l,ka1...as1 the k− l+1 by s1 submatrix of X with rows l, l+1, .., k and columns a1, ..., as1 ,
and similarly for Y and Z.
We define
gij,lk =
∣∣∣∣ zij zlkxij − yij xlk − ylk
∣∣∣∣
fa1,...,as1 =
s2∑
q=1
(−1)q+1
∣∣∣∣∣∣∣

 Z
q,q
Y 1,q−1
Xq+1,m


a1...as1
∣∣∣∣∣∣∣
,
where 1 ≤ a1 < a2 < ... < as1 ≤ min(t1, t2) and 1 ≤ i ≤ m, 1 ≤ l ≤ m, 1 ≤ j ≤ n,
1 ≤ k ≤ n.
Then K = (Is1 (Xs1t1), Is2 (Ys2t2), gij,lk , fa1,...,as1 ).
Definition 5. Let 1 ≤ a1 < a2 < ... < as1+k−1 ≤ min(t1, t2), and 1 ≤ l ≤ k ≤ s2, we
define f l,ka1,...,as1+k−1
as follow:
f l,ka1,...,as1+k−1 :=
s2∑
r=k
(−1)r+1
∣∣∣∣∣∣∣∣∣∣∣


Z l,k−1
Zr,r
X1,l−1
Y 1,r−1
Y r+1,s1


a1,...,as1+k−1
∣∣∣∣∣∣∣∣∣∣∣
+
s2∑
r=k
(−1)r+1
s1∑
u=r+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


Z l,k−1
Xr,r − Y r,r
X1,l−1
Y 1,r−1
Y r+1,u−1
Zu,u
Xu+1,s1


a1,...,as1+k−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Definition 6. Let 1 ≤ p1 ≤ m, 1 ≤ q1 ≤ n, as1 < ... < aj ≤ q1 < aj−1 < ... < a1. We
define Up1,q1,a1,...,as1 as follows:
Up1,q1,as1 ,...,a1 := zp1q1
∣∣∣∣∣∣

 X
1,p1−1
xp1as1 ... xp1aj yp1aj−1 ... yp1a1
Y p1+1,s1


∣∣∣∣∣∣
+
m∑
k=j+1
(xp1q1 − yp1q1)(−1)
k+p1zp1ak |X
1,...,pˆ1,...,m
a1,...,aˆk,..am
|+
s1∑
u=p1+1
(xp1q1 − yp1q1)
∣∣∣∣∣∣∣∣∣∣∣


X1,p1−1
xp1as1 ... xp1aj yp1aj−1 ... yp1a1
Y p1+1,u−1
Zu,u
Xu+1,s1


a1,...,as1
∣∣∣∣∣∣∣∣∣∣∣
.
Definition 7. Let 1 ≤ bs2 < ... < b1 ≤, 1 ≤ p1 ≤ m, 1 ≤ q1 ≤ n, as1 < ... <
as2+1 < ap1 < ... < a1 and ap1 ≤ q1. Let i be integer such that 1 ≤ i ≤ p and
as2+1 < bs2 < ... < bi+1 < ap1−1 ≤ bi and bl 6= ap1 for l ≥ i + 1.
We define M12 as follows:
M12 = zp1q1xp1ap1
∣∣∣∣∣
[
X1,p1−1
Y s2+1,s1
]
a1,...,ap1−1 ,as2+1,...,as1
∣∣∣∣∣ .
We define
Wp1,q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bs2 :=
M12|Y
1,s1
b1,...,bs2
| −
∣∣∣Y 1,ib1,..,bi
∣∣∣ ∑
{ci+1,...,cp1 ,dp1+1,...,ds2}={bi+1,....,bs2}∣∣∣Y i+1,p1ci+1,..,cp1
∣∣∣Up1q1,a1,...,ap1−1 ,ap1 ,dp1+1,...,ds2 ,as2+1,...,as1 .
Let 1 ≤ p1 ≤ m, 1 ≤ q1 ≤ n, v = p1 + 1, ..., s2 − 1, 1 ≤ as1 < ... < as2+1 < ap1 <
... < a1 ≤ t1 and ap1 ≤ q1. Let i be an integer, 1 ≤ i ≤ p and let as2+1 < bs2 < ... <
bv+2 < b
′
v < ... < b
′
p1+1 < bp1 < ... < bi+1 < ap1−1 ≤ bp1+1 and b
′
l 6= ap1 for l ≥ i + 1
and b
′
v−1 ≤ bv+1. Let as1 < .... < as2+1 < bs2 < ... < bv+2 < bv+1 < bv < bv−1 < ... <
bp1+2 < ap1 < ap1−1 ≤ bp1+1, and b
′
r ≤ br+2 < br+1 for r = p1, ..., v − 2.
We define
W p1+1,v
p1,q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bp1+1,bp1+2,bp1+3.,bs2 ,b
′
p1+1
,b
′
p1+2
,...,b
′
v
:=
yv−1,b′
v−1
yv,bvW
p1+1,v−2
p1,q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bv−1,b
′
v,bv+1,...,bs2 ,b
′
p1+1
,b
′
p1+2
,...,b
′
v−2
−yv,b′vW
p1+1,v−1
p1,q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bs2 ,b
′
p1+1
,b
′
p1+2
,...,b
′
v−1
,
where
W p1+1,p1−1p1,q1,a1,...,ap1 ,as2+1,...,as1 ,b1,...,bs2
= Up1,q1,a1,...,as1
COHEN-MACAULAYNESS OF REES ALGEBRAS OF DIAGONAL IDEALS 5
and
W p1+1,p1p1q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bs2
= Wp1q1,a1,..,ap1 ,as2+1,...,as1 ,b1,...,bs2 .
Definition 8. Let bs1 < ... < b1, and 1 ≤ pl < ... < pk < bs1 < ... < bs2+1 < cs2 < ... <
ck+1 < bk−1 < ... < b1 < ak−1 < ... < a1 ≤ t1.
Let
M12 =
∣∣∣∣∣∣∣

 Z
l,k
X1,k−1
Y s2+1,s1


pl,..,pk,a1,...,ak−1,bs2+1,...,bs1
∣∣∣∣∣∣∣
.
We define
Vpl,...,pk,a1,...,ak−1,b1,...,bs1 :=
M12|Y
1,s2
b1,...,bs2
|−
∑
{ek,ck+1,...,cs2}={bk,....,bs2}
±ykekf
l,k
pl,...,pk,a1,...,ak−1,b1,...,bk−1,ck+1,...,cs2,bs2+1,...,bs1
.
Definition 9. Let 1 ≤ l ≤ k ≤ s2 and 1 ≤ pl < ... < pk < bs1 < ... < bs2+1 < ... <
bk+1 < bk−1 < bk < bk−2 < ... < b1 < al−1 < ... < a1 ≤ t1. Let w = k, ..., s2 − 1 and
1 ≤ bs2 < ... < bw+2 < b
′
w < b
′
w−1 < ... < b
′
k < bk−1 < bk−2... < b1 ≤ t2 and b
′
w−1 ≤ bw+1,
and b
′
r ≤ br+2 < br+1 for r = k, ..., l − 2.
We define
V k,w
pl,...,pk,a1,...,ak−1,b1,...,bs1 ,b
′
k
,b
′
k+1
,...,b
′
w
:=
yw−1,bw−1yw,bwV
k,w−2
pl,...,pk,a1,...,ak−1,b1,..,b
′
w,...,bs1 ,b
′
k
,b
′
k+1
,...,b
′
w−2
−ywb′wV
k,w−1
pl,...,pk,a1,...,ak−1,b1,...,bs1 ,b
′
k
,b
′
k+1
,...,b
′
w−1
.
Here V k,k−2pl,...,pk,a1,...,ak−1,b1,...,bs1
= V k,k−1pl,...,pk,a1,...,ak−1,b1,...,bs1
= Vpl,...,pk,a1,...,ak−1,b1,...,bs1 .
Definition 10. Let 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, 1 ≤ as1+k−1 < .... < a1 ≤ t1, as1+k−1 < q,
aj+1 ≤ q < aj for some j = l− 1, ..., s1+ k− 3. Let f
l,k,xl−1
a1,...,aˆc,...,as1+k−1
be the determinant
of matrices that coming from deleting row xl−1 and column ac. We define H
l,k,q
a1,....,as1+k−1
as following
H l,k,qa1,...,as1+k−1
= zl−1,qf
l,k
a1,...,as1+k−1
−
j∑
c=k
(−1)k+cgl−1,q,l−1,acf
l,k,xl−1
a1,...,aˆc,...,as1+k−1
.
Definition 11. Let 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, 1 ≤ as1+k−1 < .... < a1 ≤ t1, as1+k−1 < q,
aj+1 ≤ q < aj for some j = l−1, ..., s1+k−3. Let al+s2−1 < bs2 < ... < bk < al−1+k−1 =
bk−1 < .... < al−1+1 = b1.
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Let
M = zl−1,qxl−1,aj+1
∣∣∣∣∣∣∣

 Z
l,k
X1,l−2
Y s2+1,s1


as1+k−1,...,al+s2−1,al−1,...,a1
∣∣∣∣∣∣∣
.
We define
I l,k,qas1+k−1,...,al+s2−1,al−1,...,a1,b1,...,bs2
:=
M |Y 1,s2b1,...,bs2
| −
∑
{ek,ck+1,...,cs2}={bk,....,bs2}
±ykekH
l,k,q
as1+k−1,...,al+s2−1,cs2 ,...,ck+1,bk−1,...,b1,al−1,...,a1
.
Definition 12. Let 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, k ≤ w ≤ s2 − 1, 1 ≤ ql < ... < qk <
bs1 < ... < bs2 < ... < bk+1 < bk−1 < bk < bk−2 < ... < b1 < al−2 < ... < a1 ≤ t1, ql < q,
ql < al−1 ≤ q . Let w = k, ..., s2 − 1 and 1 ≤ bs2 < ... < bw+2 < b
′
w < b
′
w−1 < ... < b
′
k <
bk−1 < bk−2... < b1 ≤ t2 and b
′
w−1 ≤ bw+1, and b
′
r ≤ br+2 < br+1 for r = k, ..., l− 2.
We define
k,wI l,k,q
ql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1,b
′
k
,...,b
′
w
:=
y
w−1,b
′
w−1
ywbw
k,w−2I l,k,q
ql,...,qk,bs1 ,...,bs2 ,...,b
′
w,...,b1,al−1,...,a1,b
′
k
,...,b
′
w−2
−ywb′w
k,w−1I l,k,q
ql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1,b
′
k
,...,b
′
w−1
,
where
k,k−2I l,k,qql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1
= k,k−1I l,k,qql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1
= I l,k,qql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1
.
Theorem 13. [L]Use the notation of Definition 5, 6, 7, 7, 8, 9, 10, 11, 12 and let
G := {|X1,s1a1,..,as1 |, |Y
1,s2
b1,...,bs2
|, gp1q1,p2q2 , f
l,k
a1,...,as1+k−1
, Up1,q1,a1,...,as1 ,
Wp,q,a1,...,ap,as2+1,...,as1 ,b1,...,bs2 ,
W p1+1,v
p1,q1,a1,...,ap1,as2+1,...,as1 ,b1,...,bp1+1,bp1+2,bp1+3.,bs2 ,b
′
p1+1
,b
′
p1+2
,...,b
′
v
,
Vpl,...,pk,a1,...,ak−1,b1,...,bs1 , V
k,w
pl,...,pk,a1,...,ak−1,b1,...,bs1 ,b
′
k
,b
′
k+1
,...,b
′
w
, H l,k,qa1,...,as1+k−1
,
I l,k,qas1+k−1,...,al+s2−1,al−1,...,a1,b1,...,bs2
, k,wI l,k,q
ql,...,qk,bs1 ,...,bs2 ,...,b1,al−1,...,a1,b
′
k
,...,b
′
w
}.
The G is a Groebner basis of K with respect to the lexicographic term order and the
variables ordered by zij > xlk > ypq for any i, j, l, k, p, q and xij < xlk, yij < ylk if i > l
or i = l and j < k and zij < zlk if i > l or if i = l and j > k.
Corollary 14. The initial ideal of
K = (hX + hY + hg + hf + hU + hW + hWp,q,l + hV +
hV l,k,w + hHl,k,q + hIl,k,q + hk,wIl,k,q ),
where
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(1) hX = ({x1a1x2a2 ....xs1as1 | 1 ≤ as1 < as1−1 < ... < a1 ≤ t1}),
(2) hY = ({y1a1y2a2 ...ys2as2 | 1 ≤ as2 < as2−1 < ... < a1 ≤ t2}),
(3) hg = ({zijxlk| i < l or i = l and j < k, })
(4) hf = ({zlqlzl+1ql+1 ...zkqkx1a1 ...xl−1al−1y1b1 ...yk−1bk−1yk+1bk+1 ...ys1bs1 | 1 ≤
ql < ql+1 < ... < qk < bs1 < ... < bk+1 < bk−1 < ... < b1 < al−1 < ... <
a1 ≤ t1, 1 ≤ l < k ≤ s2}),
(5) hU = ({zpqx1a1 ...xpapyp+1ap+1 ...ys1as1 | p = 1, ..., s1 − 1, 1 ≤ q ≤ n, 1 ≤
as1 < as1−1 < ... < a1 ≤ t1, ap ≤ q}),
(6) hW = ({zpqx1a1 ...xpapy1b1 ...ys1bs1 | p = 1, ..., s1 − 1, 1 ≤ i ≤ p, 1 ≤ bs1 <
... < bs2+1 < ap < ... < a1 ≤ t1, 1 ≤ bs1 < bs1−1 < ... < bp+2 < bp < bp−1 <
... < bi+1 < bp+1 < bi < ... < b1 ≤ t2, 1 ≤ bs1 < ... < bp+2 < bp < ... <
bi+1 < ap−1 < ... < a1 ≤ t1, bl 6= ap, l = i+1, ..., s1, ap−1 ≤ bp+1, ap ≤ q}),
(7) hWp,q,l = ({zpqx1a1 ...xpapy1b1 ...yp−1bp−1ypbp yp+1bp+1yp+1b′
p+1
...yvbvyvb′v
yv+1bv+1 ...ys1bs1 |1 ≤ p ≤ m, 1 ≤ q ≤ n, v = p+ 1, ..., s2 − 1, 1 ≤ bs1 <
... < bs2+1 < ap < ... < a1 ≤ t1, ap ≤ q, bs2+1 < bs2 < ... < bv+2 < b
′
v <
... < b
′
p+1 < bp−1 < ... < bi+1 < ap−1 ≤ bp+1 < bi < ... < b1 ≤ t2, 1 ≤ i ≤
p, b
′
l 6= ap, l ≥ i+ 1, b
′
v−1 ≤ bv+1, bs1 < .... < bs2+1 < bs2 < ... < bv+2 <
bv+1 < bv < bv−1 < ... < bp+2 < bp+1 < ap < ap−1 ≤ bp, b
′
r ≤ br+2 <
br+1, r = p, ..., v − 2}),
(8) hV = ({zlqlzl+1ql+1 ...zkqkx1a1 ...xl−1al−1y1b1 ...yk−1bk−1ykbk
yk+1bk+1 ...ys1bs1 | 1 ≤ l < k ≤ s2, 1 ≤ ql < ql+1 < ... < qk < bs1 < ... <
bk+2 < bk < bk−1 < ... < b1 < al−1 < ... < a1 ≤ t1, bk−1 ≤ bk+1 ≤
t2 − k + 1},
(9) hV l,k,w = ({zlql ...zkqkx1a1 ...xl−1al−1y1b1 ...yk+1bk+1yk+1b′
k+1
... ywbwywb′w
yw+1bw+1 ...ys1bs1 | 1 ≤ l ≤ k ≤ s2, 1 ≤ pl < ... < pk < bs1 < ... < bs2+1 <
... < bk+1 < bk−1 < bk < bk−2 < ... < b1 < al−1 < ... < a1 ≤ t1, w =
k, ..., s2 − 1, 1 ≤ bs2 < ... < bw+2 < b
′
w < b
′
w−1 < ... < b
′
k < bk−1 <
bk−2... < b1 ≤ t2, b
′
w−1 ≤ bw+1, b
′
r ≤ br+2 < br+1, r = k, ..., l − 2}),
(10) hHl,k,q = ({zl−1,qzl,ql ...zkqkx1a1 ...xl−2,al−1y1b1 ...yk−1bk−1yk+1bk+1 ...
ys1bs1 | 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, 1 ≤ ql < ... < qk < bs1 < ... < bk+1 <
bk−1 < ... < b1 < al−2 < ... < a1 ≤ t1, ql < al−1 ≤ q < b1}),
(11) hIl,k,q = ({zl−1,qzl,ql ...zkqkx1a1 ...xl−2,al−1y1b1 ...yk−1bk−1ykbk
yk+1bk+1 ...ys1bs1 | 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, 1 ≤ ql < ... < qk < bs1 < ... <
bk+1 < bk−1 < bk < bk−2 < ... < b1 < al−2 < ... < a1 ≤ t1, ql < al−1 ≤ q <
b1}),
(12) hk,wIl,k,q = ({zl−1,qzl,ql ...zkqkx1a1 ...xl−2,al−1y1b1 ...ykbkykb′
k
...ywbwywb′w
yw+1bw+1 ...ys1bs1 | 1 ≤ l ≤ k ≤ s2, 1 ≤ q ≤ n, 1 ≤ ql < ... < qk < bs1 < ... <
bk+1 < bk−1 < bk < bk−2 < ... < b1 < al−2 < ... < a1 ≤ t1, ql < al−1 ≤ q <
b1, w = k, ..., s2 − 1, 1 ≤ bs2 < ... < bw+2 < b
′
w < b
′
w−1 < ... < b
′
k < bk−1 <
bk−2... < b1 ≤ t2, b
′
w−1 ≤ bw+1, b
′
r ≤ br+2 < br+1, r = k, ..., l − 2}).
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3. ALEXANDER DUAL IDEALS
From Corollary 14, we see that the initial ideal of K is generated by square free monomi-
als. We know that an ideal generated by square free monomials defines a Stanley-Reisner
ring. Hence we can find the Alexander dual ideal of this ideal, [B-H]. We recall the
definition of Alexander dual ideal.
Definition 15. If I is an ideal of R = k[x1, ..., xn] generated by square-free monomials
(f1, ..., fl), then the Alexander dual ideal I
∗ of I is ∩iPfi , where for any square-free
monomial f = xi1 · · ·xir , Pf = (xi1 , ..., xir ).
From Corollary 14, we see that each summand of the initial ideal has a similar structure
as the ideal in the following lemma. Hence we find the Alexander dual ideal of this ideal
first.
Lemma 16. Let R = k[X ], where X = [xij ], i = 1, ...,m, j = 1, ..., n and m ≤ n. Let
I be the ideal generated by {x1a1x2a2x3a3 ...xmam} with 1 ≤ a1 < a2 < ... < al ≤ al+1 <
... < am ≤ n for some 1 ≤ l ≤ m−1. Then I
∗, the Alexander dual ideal of I, is generated
by
{
k1∏
i1=1
x1i1
k2∏
i2=k1+2
x2i2
k3∏
i3=k2+2
x3i3 ...
kl∏
il=kl−1+2
xlil
kl+1∏
il+1=kl+1
xl+1il+1
kl+2∏
il+2=kl+1+2
xl+2il+2 ...
n∏
im=km−1+2
xmim}
where 0 ≤ k1 < k2 < k3... < kl ≤ kl+1 < ... < km−1 < n.
Proof. Without lost of generality, we may assume l = 1. Induction on m, we consider
m = 2 and m = 3 first. When m = 2, I = ({x1a1x2a2 | 1 ≤ a1 ≤ a2 ≤ n}). Now
I∗ = ∩1≤a1≤a2≤n(x1a1 , x2a2 ) = ∩1≤a1≤n(∩a1≤a2≤n(x1a1 , x2a2))
= ∩1≤a1≤n(x1a1 ,
n∏
i2=a1
x2i2 ) = ({
k1∏
i1=1
x1i1
n∏
i2=k1+1
x2i2 | 0 ≤ k1 ≤ n}).
When m = 3, we have I = ({x1a1x2a2x3a3 | 1 ≤ a1 ≤ a2 < a3 ≤ n}) Now
I∗ = ∩1≤a1≤a2<a3<n(x1a1 , x2a2 , x3a3)
= ∩1≤a1<n(∩a1≤a2<n(∩a2<a3≤n(x1a1 , x2a2 , x3a3)))
= ∩1≤a1<n(∩a1≤a2<n(x1a1 , x2a2 ,
n∏
i3=a2+2
x3i3 )
= ∩1≤a1<n(x1a1 , {
k2∏
i2=a1
x2i2
n∏
i3=k2+2
x3i3 | a1 − 1 ≤ k2 < n})
= ({
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
n∏
i3=k2+2
x3i3 | 0 ≤ k1 ≤ k2 < n}).
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When m > 3, we have
I∗ = ∩1≤a1≤a2<a3<...<am≤n(x1a1 , x2a2 , ..., xmam)
= ∩1≤a1≤a2<a3<...<am≤n(∩a1≤a2<a3<...<am≤n(x1a1 , x2a2 , ..., xmam))
= ∩1≤a1≤a2<a3<...<am≤n(x1a1 , {
k2∏
i2=a1
x2i2
k3∏
i3=k2+2
x3i3 ...
n∏
im=km−1+2
xmim |
a1 − 1 ≤ k2 < k3 < ... < km−1 < n})
= ({
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n∏
im=km−1+2
xmim |
1 ≤ k1 ≤ k2 < k3 < ... < km−1 < n}),
where the third equality comes from the induction. 
We obtain the Alexander dual ideal of in(L).
Lemma 17.
(in(L))∗ = (hX)
∗ ∩ (hY )
∗ ∩ (hg)
∗ ∩ (hf )
∗ ∩ (hU )
∗ ∩ (hW )
∗ ∩ (hWp,q,v )
∗ ∩
(hV )
∗ ∩ (hV l,k,w )
∗ ∩ (hH)
∗ ∩ (hI)
∗ ∩ (hk,wIl,k,q )
∗
where
(1)
(hX)
∗ = ({
t1∏
a1=A2+2
x1a1
A2∏
a2=A3+2
x2a2 ...
As1∏
as1=1
xs1as1 |0 ≤ As1 < ... < A2 < t1}),
(2)
(hY )
∗ = ({
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 |0 ≤ Bs2 < ... < B2 < t2}),
(3)
(hg)
∗ = ({
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk|(0, 0) ≤ (u1, u2) < (m,n)}),
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(4)
(hf )
∗ =
s2⋂
l=1
s2⋂
k=l
({
Ql∏
ql=1
zl,ql ...
Qk∏
qk=Qk−1+2
zkqk
t1∏
a1=A2+2
x1a1 ...
Al−1∏
al−1=B1+2
xl−1al−1
B1∏
b1=B2+2
y1b1 ...
Bk−1∏
bk−1=Bk+1+2
yk−1bk−1
Bk+1∏
bk+1=Bk+2+2
yk+1bk+1 ...
Bs1∏
bs1=Qk+2
ys1bs1 |0 ≤ Ql < ... < Qk < Bs1 < ... < Bk+1 < Bk−1 < ...
< B1 < Al−1 < ... < A1 < t1}),
(5)
(hU )
∗ =
s1−1⋂
p=1
({
n∏
qp=Ap+1
zp,qp
t1∏
a1=A2+2
x1a1 ...
Ap−1∏
min(Ap,Ap+1)+2
xp−1,ap−1
Ap∏
ap=1
xpap
Ap+1∏
ap+1=Ap+2+2
yp+1ap+1 ...
As1∏
as1=1
ys1as1 |0 ≤ As1 < ... < Ap+1 <
Ap−1 < ... < A2 < t1, 0 ≤ Ap < Ap−1}),
(6)
(hW )
∗ =
s1−1⋂
p=1
p⋂
i=1
({
n∏
q=Ap+1
zpq
t1∏
a1=A2+2
x1a1 ...
Ap−1∏
ap−1=Bi+1+2
xp−1,ap−1
Ap∏
ap=1
xpap
t2∏
b1=B2
y1b1 ...
Bp−1∏
bp−1=Bp+2
yp−1bp−1
Bp∏
bp=Bp+2+2
ypbp
Bp+1∏
bp+1=Ap−1+1
yp+1bp+1 ...
BS1∏
1
ys1bs1 | 0 ≤ Bs1 < ... < Bs2+1 < Ap < ... < A2 < t1, 1 ≤ Bs1 < Bs1−1
< ... < Bp+2 < Bp < Bp−1 < ... < Bi+1 < Bp+1 < Bi < ... < B2 < t2,
1 ≤ Bs1 < ... < Bp+2 < Bp < ... < Bi+1 < Ap−1 < ... < A2 < t1}),
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(7)
(hWp,q,v )
∗ =
s2−1⋂
p=1
s2−1⋂
v=p+1
p⋂
i=1
({
s1∏
qp=Ap+1
zpqp
A1∏
a1=A2+2
x1a1 ...
Ap∏
ap=Bp+1+2
xpap
t2∏
b1=B2+2
y1b1 ...
Bp−1∏
bp−1=B
′
p+1
+2
yp−1bp−1
Bp∏
bp=Ap−1+1
ypbp
Bp+1∏
bp+1=Ap−1+1
yp+1bp+1
B
′
p+1∏
b
′
p+1
=B
′
p+2
+2
yp+1b′
p+1
Bp+2∏
bp+2=Bp+3+2
yp+2bp+2
B
′
p+2∏
b
′
p+2
=B
′
p+3
+2
yp+2b′
p+2
...
Bv∏
bv=min(Bv+1+2,B′v−2+1)
yvbv
B
′
v∏
b
′
v=Bv+2+2
yvb′v
Bv+1∏
bv+1=B
′
v−1
+1
yv+1bv+1 ...
∏
bs1=As2+1+2
ys1bs1 |0 ≤ Bs1 < ... < Bs2+1 < Ap < ... < A2 < t1, Bs2+1 <
Bs2 < ... < Bv+2 < B
′
v < ... < B
′
p+1 < Bp < ... < Bi+1 < Ap−1 ≤ Bp+1
< Bi < ... < B2 < t2, Bs1 < .... < Bs2+1 < Bs2 < ... < Bv+2 < Bv+1 <
Bv < Bv−1 < ... < Bp+2 < Ap < Ap−1 ≤ Bp+1, B
′
r ≤ Br+2, r = p, ..., v−2}),
(8)
(hV )
∗ =
s1−1⋂
l=1
s1⋂
k=l
({
Ql∏
ql=1
zlql ...
Qk∏
qk=Qk−1+2
zkqk
t1∏
a1=A2+2
x1a1 ...
Al−1∏
al−1=B1+2
xl−1al−1
B1∏
b1=B2+2
y1b1 ...
Bk−1∏
bk−1=Bk+1+2
yk−1bk−1
Bk∏
bk=Bk−1+2
ykbk
Bk+1∏
bk+1=Bk+2+1
yk+1bk+1 ...
Bs1∏
bs1=Qk+2
ys1bs1 |0 ≤ Ql < Ql+1 < ... < Qk < Bs1 < ... < Bk+2 < Bk <
Bk−1 < ... < B1 < Al−1 < ... < A2 < t1, Bk−1 ≤ t2−k+1}),
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(9)
(hV l,k,w )
∗ =
s2−1⋂
l=1
s2⋂
k=l
s1⋂
w=k
({
Ql∏
ql=1
zlql ...
Qk∏
qk=Qk−1+2
zkqk
t1∏
a1=A2+2
x1a1 ...
Al−1∏
al−1=B1+2
xl−1al−1
B1∏
b1=B2+2
y1b1 ...
Bk−1∏
bk−1=Bk+2
yk−1bk−1
Bk∏
bk=B
′
k+1
+2
ykbk
t2−k+1∏
bk+1=min(Bk+2+2,Bk−1+1)
yk+1bk+1
B
′
k+1∏
b
′
k+1
=B
′
k+2
+2
y
k+1b
′
k+2
...
Bw−1∏
bw−1=min(B′w−2,Bw)+2
yw−1bw−1
B
′
w−1∏
b
′
w−1
=Bw+1+2
y
w−1b
′
w−1
Bw∏
bw=Bw+1+2
ywbw
B
′
w∏
b
′
w=Bw+2+2
ywb′w
Bw+1∏
bw+1=B2w+2
yw+1bw+1
Bw+2∏
bw+2=Bw+3+2
yw+2bw+2 ...
Bs1∏
bs1=Qk+2
ys1bs1 |
0 ≤ Ql < Ql+1 < ... < Qk < Bs1 < ... < Bt+2 < B
2
t < B
2
t−1 < ... < B
2
k+1
< Bk < Bk−1 < ... < B1 < Al−1 < ... < A2 < t1, B
2
w−1 ≤ Bw+1,
B2r ≤ B
1
r+1 < B
1
r , r = k+1, ..., w−2, 0 ≤ Qp+1 < Qp+2 < .... < Qk < Bs1
< ... < Bk+1 < Bk−1 < ... < B1 < Ap−1 < Ap−2 < ... < A1 < t1}),
(10)
(hHl,k,q )
∗ =
s2⋂
l=1
s2⋂
k=l
({
Q∏
q=Al−1+1
zl−1,q
Ql∏
ql=1
zl,ql ...
Qk∏
qk=Qk−1+2
zkqk
t1∏
a1=A2+2
x1a1 ...
Al−1∏
al−1=B1+2
xl−2,al−1
B1∏
b1=min(B2,Q)+2
y1b1 ...
Bk−1∏
bk−1=Bk+1+2
yk−1bk−1
Bk+1∏
bk+1=Bk+2+2
yk+1bk+1 ...
Bs1∏
bs1=Qk+2
ys1bs1 |1 ≤ Ql < ... < Qk < Bs1 < ... <
Bk+1 < Bk−1 < ... < B1 < Al−2 < ... < A2 < t1, Ql < Al−1 ≤ Q <
B1}),
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(11)
(hIl,k,q )
∗ =
s2⋂
l=1
s2⋂
k=l
({
Q∏
q=Al−1+1
zl−1,q
Ql∏
ql=1
zl,ql ...
Qk∏
Qk=Qk−1+2
zkqk
A1∏
a1=A2+2
x1a1 ...
Al−2∏
al−2=B1+2
xl−2,al−1
B1∏
b1=min(B2,Q)+2
y1b1 ...
Bk−1∏
bk−1=Bk+1+2
yk−1bk−1
Bk∏
bk=Bk−1+2
ykbk
Bk+1∏
bk+1=Bk+2+2
yk+1bk+1 ...
Bs1∏
bs1=Qk+2
ys1bs1 |1 ≤ Ql < ... < Qk < Bs1 < ... <
Bk+1 < ... < Bk+1 < Bk−1 < Bk < Bk−2 < ... < B1 < Al−2 < ... < A2 < t1,
Ql < Al−1 ≤ Q < B1}),
(12)
(hk,wIl,k,q )
∗ =
s2⋂
l=1
s2⋂
k=l
s2⋂
w=k
({
Q∏
q=Al−1+1
zl−1,q
Ql∏
ql=1
zl,ql ...
Qk∏
qk=Qk−1+2
zkqk
t1∏
a1=A2+2
x1a1 ...
Al−2∏
al−2=B1+2
xl−2,al−1
B1∏
b1=min(Q,B2)+2
y1b1 ...
Bk−1∏
bk−1=Bk+1+2
yk−1bk−1
Bk∏
bk=Bk−1+2
ykbk
B
′
k∏
b
′
k
=B
′
k+1
+2
y
kb
′
k
...
Bw∏
bw=Bw+1+2
ywbw
B
′
w∏
b
′
w=Bw+2+2
ywb′w ...
Bw+1∏
bw+1=B
′
w−1
+1
yw+1bw+1
Bs1∏
bs1=Qk+2
ys1bs1 |1 ≤ Ql < ... < Qk <
Bs1 < ... < Bk+1 < Bk−1 < Bk < Bk−2 < ... < B1 < Al−2 < ... < A2 < t1,
Ql < Al−1 ≤ Q < B1, 1 ≤ Bs2 < ... < Bw+2 < B
′
w < B
′
w−1 < ... < B
′
k <
Bk−1 < Bk−2... < B2 < t2, B
′
w−1 ≤ Bw+1, B
′
r ≤ Br+2 < Br+1, k ≤ r ≤ l−2}).
Proof. This follows from Lemma 16. 
Having the Alexander dual ideal of in(L), we can use Theorem 3 to show that in(L) is
Cohen-Macaulay once we show that the Alexander dual ideal has a linear free resolution.
We recall the definition of a linear free solution and the regularity of an ideal.
Definition 18. (a) Let
F : ... −→ Fi −→ Fi−1 −→ ... −→ F0
be a minimal homogeneous free resolution of an ideal I in a ring R = k[x1, ..., xn] with
Fi = ⊕jR(−aij). We say I has a linear free resolution if aij = ai and ai+1 = ai + 1.
(b) The regularity of I is defined as reg(I) = maxi,j{aij − i}.
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Fact 19. If all the minimal homogeneous generators of I have the same degree, d, then
I has a linear free resolution if and only if reg(I) = d.
We will show that (in(L))∗ is generated in the same degree d and reg(in(L))∗ = d.
Before that we show the following result first. The reason we show this is that we will
need the technique of the proof for the case (in(L))∗.
Lemma 20. Let R = k[X ], where X = [xij ], i = 1, ...,m, j = 1, ..., n. Let I be the ideal
generated by {x1a1x2a2x3a3 ...xmam} with 1 ≤ a1 < a2 < ... < al ≤ al+1 < ... < am < n for
some 1 ≤ l ≤ m− 1. Then I∗, the Alexander dual ideal of I has a linear free resolution.
Proof. From Lemma 16, we see that I∗ is generated by elements of degree n− (m − 2),
denoted by d(I∗). Using Fact 19, it’s sufficient to show that reg(I∗) = d(I∗) = n−(m−2).
We will induct on n to show that there is a linear filtration on I∗.
We write down I∗ first,
I∗ = ({
k1∏
i1=1
x1i1
k2∏
i2=k1+2
x2i2 ...
kl∏
il=kl−1+2
xiil
kl+1∏
il+1=kl+1
xiil+1 ...
n∏
im=km−1+2
xmim})
with 0 ≤ k1 < k2 < ... < kl ≤ kl+1 < ... < km−1 < n. When m = n, we need
0 ≤ k1 < k2 < ... < kl ≤ kl+1 < ... < km−1 < m. Without lost of generality, we assume
l = 1. Hence
I∗ = (x11x12, {x11xii| i = 2, ...,m}, {xi,i−1xj,j | i = 2, ...,m, j = i, ...,m}).
Now look at xm,m, the terms xi,i−1xmm for i = 2, ...,m− 1 and x11xm,m are multiple of
xm,m. Also xi,i−1xj,j for i = 2, ...,m− 1, j =, ...,m− 1 is divisible by xi,i−1 and x11x12
and x11xii for i = 2, ...,m− 1 is divisible by x11. We can rewrite
I∗ = ({xi,i−1(xi,i, ..., xm,m)| i = 2, ...,m− 1}, x11(x12, x2,2, ..., xm,m)).
Then we have
I∗ = J1 ⊂ ({xi,i−1(xi,i, ..., xm,m)| i = 2, ...,m− 1}, x11) = J2
⊂ ({xi,i−1(xi,i, ..., xm,m)| i = 3, ...,m− 1}, x11, x21) = J3
⊂ ({xi,i−1(xi,i, ..., xm,m)| i = 4, ...,m− 1}, x11, x21, x32) = J4
⊂ ...
⊂ ({xi,i−1| i = 2, ...,m− 1}, x11) = Jm.
Jm is generated by a regular sequence of degree 1, hence it has regJm=1.
We will show reg(Jl+1/Jl) = 1 for l = 1, ...,m − 1. Then reg(Jl) = 2 = m − (m − 2)
for l = 1, ...,m− 1. We write down
Jl+1 = ({xi,i−1(xi,i, ..., xm,m)| i = l + 1, ...,m− 1}, x11, x21, x32, ..., xl−1,l−2, xl,l−1)
and
Jl = ({xi,i−1(xi,i, ..., xm,m)| i = l, ...,m− 1}, x11, x21, x32, ..., xl−1,l−2)
= ({xi,i−1(xi,i, ..., xm,m)| i = l+ 1, ...,m− 1}, xl,l−1(xl,l, ..., xmm),
x11, x21, x32, ..., xl−1,l−2).
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Then
Jl+1/Jl = (xl,l−1)/(xl,l−1 ∩ ({xi,i−1(xi,i, ..., xm,m)| i = l + 1, ...,m− 1}),
xl,l−1 ∩ (x11, x21, x32, ..., xl−1,l−2), xl,l−1(xl,l, ..., xmm))
= (xl,l−1)/xl,l−1(xl,l, ..., xmm, x11, x21, x32, ..., xl−1,l−2).
Since
reg((xl,l−1)/xl,l−1(xl,l, ..., xmm, x11, x21, x32, ..., xl−1,l−2))
= reg(R/(xl,l, ..., xmm, x11, x21, x32, ..., xl−1,l−2)) + 1 = 1,
we have reg(Jl+1/Jl) = 1 for all l = 1, ...,m− 1.
For the induction part, we write I∗ := I∗n when X is a m by n matrix. We assume
reg(I∗n−1) = n− 1− (m− 2) and the degree of the generating of I
∗
n−1 is n− 1− (m− 2).
We look at the variable xm,n. When km−1 < n− 1,
{
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n∏
im=km−1+2
xm,im}
is divisible by xm,n and we write
A = {
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n
im=km−1+2
xm,im |
0 ≤ k1 ≤ k2 < k3 < ... < km−1 = n− 2}
= {(
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n−2
im=km−2+2
xm−1,im−1)xm,n|
0 ≤ k1 ≤ k2 < k3 < ... < km−1 = n− 2}
= A′xm,n
When km−1 = n − 1,
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n
im=km−1+2
xmim is not
divisible by xm,n, we have
B = {
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n
im=km−1+2
xmim |
0 ≤ k1 ≤ k2 < k3 < ... < km−1 = n− 1}
= {
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n−1
im=km−2+2
xm−1,im−1 |
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 = n− 1}
= {(
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n−1
im=km−2+2
xm−1,im−1)
xj,j−1+(n−1−(m−2))−1| 0 ≤ k1 ≤ k2 < k3 < ... < km−2 < n− 2, 1 < j < m},
{(
∏k1
i1=1
x1i1
∏k2
i2=k1+1
x2i2
∏k3
i3=k2+2
x3i3 ...
∏n−1
im=km−2+2
xm−1,im−1)
x1,1+(n−1−(m−2))−1| 0 ≤ k1 ≤ k2 < k3 < ... < km−2 < n− 2}.
= A′({xj,j−1+(n−1−(m−2))−1| 1 < j < m}, x1,n−1−(m−2)).
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When km−1 ≤ n− 3, we write
C = {
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n∏
im=km−1+2
xm,im |
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 ≤ n− 3}
= {(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−1∏
im=km−1+2
xm,im)xm,n|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 ≤ n− 3}
= C′xmn.
On the other hand C can be written as
C = {(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−1∏
im=km−1+2
xm,im)xj,j−1+(n−1−(m−2))−1xm,n|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 − 1 < km ≤ n− 3, 1 < j < m},
{(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−1∏
im=km−1+2
xm,im)x1,1+(n−1−(m−2))−1xm,n|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 − 1 < km ≤ n− 3}
= C′′xm,n({xj,j−1+(n−1−(m−2))−1| 1 < j < m}, x1,n−1−(m−2)).
Notice I∗n−1 = (A
′
, C′) and d(A′) = d(C′). We also have
A′ = ({(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−2+2
xm−1,im−1)|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 = n− 2})
= ({(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−2+2
xm−1,im−1)xj,j−1+(n−2−(m−2))−1|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 = n− 3, 1 < j < m},
{(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−2+2
xm−1,im−1)x1,1+(n−2−(m−2))−1|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 = n− 3})
= A′′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2)).
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Now look at C′, we obtain
C′ = ({
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−1∏
im=km−1+2
xm,im |
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 < n− 3},
{
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−1∏
im=km−1+2
xm,im |
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 = n− 3})
= ({(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−1+2
xm,im)xm,n−1|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 < n− 3},
A′′xm,n−1).
Hence
(A′) ∩ (C′) = (A′′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2))) ∩
({(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−1+2
xm,im)xm,n−1|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 < n− 3},
A′′xm,n−1)
= (A′′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2))) ∩
({(
k1∏
i1=1
x1i1
k2∏
i2=k1+1
x2i2
k3∏
i3=k2+2
x3i3 ...
n−2∏
im=km−1+2
xm,im)xm,n−1|
0 ≤ k1 ≤ k2 < k3 < ... < km−2 < km−1 < n− 3}),
(A′′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2))) ∩
(A′′xm,n−1)
= (A′xm,n−1)
= (C′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2))).
On the other hand, we have
(A′) ∩ (C′xm,n) = (A
′) ∩ (C′′xm,n({xj,j−1+n−m| 1 < j < m}, x1,n−1−(m−2)))
⊂ (A′({xj,j−1+n−m| 1 < j < m}, x1,n−m+1)).
We look at the filtration:
I∗n = (C,B,A)
= (C′xm,n, A
′({xj,j−1+n−m| 1 < j < m}, x1,n−m+1), A
′xm,n)
⊂ (C′xm,n, A
′)
⊂ (C′, A′) = I∗n−1.
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We have
reg((C′, A′)/(C′xm,n, A
′))
= reg((C′)/((C′) ∩ (A′), C′xm,n))
= reg((C′)/(C′({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2), xm,n))
= reg(R/({xj,j−1+n−m−1| 1 < j < m}, x1,n−2−(m−2), xmn) + deg(C
′)
= deg(C′)
= n− (m− 2)− 1.
By induction hypothesis, we have reg(C′, A′) = reg(I∗n−1) = n − 1 − (m − 2), hence
reg(C′xm,n, A
′) = n− (m− 2). Similarly
reg((C′xm,n, A
′)/(C′xm,n, A
′({xj,j−1+n−m| 1 < j < m}, x1,n−m+1), A
′xm,n))
= reg((A′)/((A′) ∩ (C′xm,n), A
′({xj,j−1+n−m| 1 < j < m}, x1,n−m+1), A
′xm,n))
= reg((A′)/(A′({xj,j−1+n−m| 1 < j < m}, x1,n−m+1, xm,n))
= reg(R/(A′({xj,j−1+n−m| 1 < j < m}, x1,nm+1, xm,n))) + d(A
′)
= d(A′)
= n− (m− 2)− 1.
Hence reg(I∗n) = n− (m− 2). 
Lemma 21. The Alexander dual of in(L), (in(L))∗, is generated by square free monomials
with degree mn− 1 + t2 − (s2 − 1) + t1 − (s1 − 1) and reg(in(L))
∗ = mn− 1 + t2 − (s2 −
1) + t1 − (s1 − 1).
Proof. We prove this lemma by inducting on n. Since s1 > s2, the generators of the ideal
(in(L))∗ do not involving variables xij , ylk, zpq when i, l, p > s1. Hence we may assume
s1 = m. When m = n, we have m = s1 ≤ t1 ≤ m. Then we have
(in(L))∗ = (hX)
∗ ∩ (hY )
∗ ∩ (hg)
∗ ∩ (hf )
∗ ∩ (hU )
∗ ∩ (hW )
∗ ∩ (hWp,q,v )
∗.
We write down each component,
(hX)
∗ = (x1m, x2,m−1, ..., xm,1),
(hf )
∗ = (t1,1, y2,m, y3,m−1, ..., ym2),
(hY )
∗ = ({
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 |0 ≤ Bs2 < ... < B2 < t2}),
(hg)
∗ = ({
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk| (0, 0) ≤ (u1, u2) < (m,n)}),
COHEN-MACAULAYNESS OF REES ALGEBRAS OF DIAGONAL IDEALS 19
(hU )
∗ =
m−1⋂
p=1

(p,m−(p−1))⋂
(p,u2)=(p,m)
(zp,u2 , x1,m, ..., xp,m−(p−1), yp+1,m−p, ..., ym,1)
(p,1)⋂
(p,u2)=(p,m−(p−1)−1)
(zp,u2 , x1,m, ..., xp,u2 , yp+1,m−p+1, ..., yj,u2+1,
yj+1,u2−1, ..., ym,1)) ,
(hW )
∗ =
m−1⋂
p=1
(p,m−(p−1))⋂
(p,u2)=(p,m)
(zp,u2 , x1,m, ..., xp,m−(p−1), y1,m, ..., yp−1,m−p+2,
yp,m−p, yp+1,m−p+1, yp+2,m−p−1, ..., ym,1),
(hWp,q,v )
∗ =
m−1⋂
p=1
m−1⋂
v=p+1
(p,m−(p−1))⋂
(p,u2)=(p,m)
(zp,u2 , x1,m, ..., xp,m−(p−1), y1,m, ..., yp−1,m−p+2,
yp.m−p, yp+1,m−p+1, yp+1,m−p−1, yp+2,m−p, yp+2,m−p−2, ...,
yv,m−(v−1)−1, yv,m−(v−1)+1, yv+1,m−(v−1), ..., ym,1).
Then we have
(in(L))∗ = ({
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlkxi,m−(i−1)
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
(u1, u2) < (m− 1,m− 1), 1 ≤ i ≤ m, 0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlkxi,m−(i−1)
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
(m− 1,m− 1) ≤ (u1, u2) < (m− 2,m), 1 ≤ i ≤ m− 1, 0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 ym,1|
(m− 1,m− 1) ≤ (u1, u2) < (m− 2,m), s2 < m, 0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 ym,2|
(m− 1,m− 1) ≤ (u1, u2) < (m− 2,m), s2 = m, 0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlkxi,m−(i−1)
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
(m− 2,m) ≤ (u1, u2) < (m− 2, 1), 1 ≤ i ≤ m− 2, 0 ≤ Bs2 < ... < B2 < t2},
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{
(m−2,m)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−1,2)
xlkxm−1,1
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
0 ≤ Bs2 < ... < B2 < t2},
{
(m−2,m)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−1,2)
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 ym,2|
0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 (ym,1, ym−1,2)|
(m− 2,m) < (u1, u2) < (m− 2, 1), 0 ≤ Bs2 < ... < B2 < t2, s2 < m},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 (ym,2, ym−1,1)|
(m− 2,m) < (u1, u2) < (m− 2, 1), 0 ≤ Bs2 < ... < B2 < t2, s2 = m and
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 is divisible by ym,1 or ym−1,2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlkxi,m−(i−1)
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 |
(m− 2, 1) ≤ (u1, u2) < (m− 3, 2), 1 ≤ i ≤ m− 3, 0 ≤ Bs2 < ... < B2 < t2},
{
(m−2,1)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−2,3)
xlkxm−2,2
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
0 ≤ Bs2 < ... < B2 < t2},
{
(m−2,1)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−2,3)
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 (ym−1,3, ym,1)|
0 ≤ Bs2 < ... < B2 < t2, s2 < m},
{
(m−2,1)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−2,3)
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 (ym−1,3, ym,2)|
0 ≤ Bs2 < ... < B2 < t2 and s2 = m,
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2
is divisible by ym,1},
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{
(m−3,m)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−2,2)
xlkxm−2,1
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 |
0 ≤ Bs2 < ... < B2 < t2},
{
(m−3,m)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(m−2,2)
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 (ym−1,3,ym,2)|
0 ≤ Bs2 < ... < B2 < t2},
{
(u1,u2)∏
(i,j)=(1,1)
zij
(m,n)∏
(l,k)=(u1,u2)⊎2
xlk
t2∏
b1=B2+2
y1b1 ...
Bs2∏
bs2=1
ys2bs2 (ym,1, ym−1,2, ym−2,3)|
(m− 3,m− 1) ≤ (u1, u2) < (m− 3, 2), 0 ≤ Bs2 < ... < B2 < t2},
...
{
(m,n)∏
(l,k)=(1,2)
xlk
t2∏
b1=B2+2
y1b1
B2∏
b2=B3+2
y2b2 ...
Bs2∏
bs2=1
ys2bs2 (y2,m, y3,m−1, ..., ym,2)|
0 ≤ Bs2 < ... < B2 < t2}).
Notice that all the elements are in the same degree mm− 1+1+ t2− (s2− 1). We find
a filtration starting from (in(L))∗ and ending at (xm,1, xm−1,2, ...., x1m). Each quotient
of this filtration will have the form P/PL, where P is an ideal generated in the same
degree and L is an ideal generated by variables such that those variables form a regular
sequence modulo P .
We look at the variable ys2,1. The elements in (in(L))
∗ that are divisible by ys2,1 must
have Bs2 > 0. The elements in (in(L))
∗ that are not divisible by ys2,1 must have Bs2 = 0.
Hence (in(L)∗) = (A1(ys2,1, ..., ys2−1,2,..y1,s2)), C1ys2,1), where the elements in C1 have
Bs2 > 1. Also all the elements of A1 and C1 are in the same degree. Furthermore, A1 ∩
C1 = A1c1 = C1({a1i}), (ys2,1, ..., y1,s2) is a regular sequence modulo A1 and (ys2,1, {a1i})
is a regular sequence modulo C1. We look at the following filtration
(in(L))∗ ⊂ (A1, C1ys2,1) ⊂ (A1, C1).
Then we can use the proof of Lemma 20 to show that the quotients areA1/A1(ys2,1, ..., y1,s2)
and C1/C1({a1i}, ys2,1). Notice the following equalities: reg(A1/A1(ys2,1, ..., y1,s2)) =
reg(A1) and reg(C1/C1({a1i}, ys2,1) = reg(C1).
Next, we look at ys2,2 and write (A1, C1) = (A2(ys2,2, ...., y1,s2+1), C2ys2,2). As before
we have a filtration
(A1, C1) ⊂ (A2, C2ys2,2) ⊂ (A2, C2),
and the quotients are A2/A2(ys2,2, ..., y1,s2+1) and C2/C2({a2i}, ys2,2). We can continue
to ys2,3 until ys2,t2−(s2−1), we will reduce to an ideal J1 which is generated in the same
degree mm− 1 + 1.
Now we look at the variable z1,1. When (u1, u2) = (0, 0) in an element, z1,1 is not a
factor of this element. When (u1, u2) ≤ (1, 1), then z1,1 is a factor. The ideal J1 can be
written as (D1,1(z1,1, {d1,1,i}), E1,1z1,1). Hence we have a filtration
J1 ⊂ (D1,1, E1,1z1,1) ⊂ (D1,1, E1,1)
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with quotients D1,1/D1,1(z1,1, {d1,1,i}) and E1,1/E1,1({e1,1,i}, z1,1). We look at z1,2 next
and reduce to an ideal (D1,2, E1,2), we continue to zm,m−1. We can find a filtration from
J1 to (Dm,m−1, Em,m−1) = (xm,1, ...., x1m).
Since reg(xm,1, ...., x1,m) = reg(Dm,m−1, Em,m−1) = 1, it follows that reg(Dm,m−1)
and reg(Em,m−1) are equal to 1. Also the final quotient
(Dm,m−1, Em,m−1)/(Dm,m−1, Em,m−1zm,m−1)
has regularity equals to the regularity of Em,m−1. It follows that
reg(Dm,m−1, Em,m−1zm,m−1) = 2.
Since the quotient (Dm,m−1, Em,m−1zm,m−1)/(Dm,m−2, Em,m−2) has regularity equal to
reg(Dm,m−1) = 1, we have reg(Dm,m−2, Em,m−2) = 2. Continue with the same argument,
we obtain reg(J1) = 1 +mm− 1. Hence reg((inL)
∗) = 1 +mm− 1 + t2 − (s2 − 1).
For the induction steps, we write In for the Alexander dual ideal (in(L))
∗ in the m
by n matrix case. We assume by induction hypothesis that reg(In−1) = d(In−1) =
m(n−1)−1+ t1−(s1−1)+ t2−(s2−1). We will show that we can build a filtration from
In to In−1 such that the quotients are the form P/PL where P is an ideal and L is an ideal
generated by variables such that they are a regular sequence modulo P . From Lemma 17
we know that each summand of in(L) is generated by monomials satisfying the assumption
of Lemma 16. For a fixed variable yij , we can write (hY )
∗ = (AY yij , A
Y ({aYl }), B
Y yij).
Also AY ∩ BY = BY ({bYi }), where {b
Y
i } are variables such that (yij , {b
Y
i }) is a regular
sequence modulo BY and (yij , {ylk}) is a regular sequence modulo A
Y . Similarly, (hU )
∗ =
(AUyij , A
U ({ylk, xp,q, zuv}), B
Uyij), (hW )
∗ = (AW yij , A
W ({ylk, xp,q, zu,v}), B
W yij), and
all other components of (in(L))∗ that involve yij . For (hX)
∗ that does not involve yij we
leave as it is and similarly for others that do not involve yij .
Claim: There is a filtration from in(L)∗ to an ideal
Iyij = (hX)
∗ ∩ (AY , BY ) ∩ (hg)
∗ ∩ (AU , BU ) ∩ ... ∩ (AW , BW )
such that the quotients are the form P/PL where P is an ideal and L is an ideal
generated by variables such that they are a regular sequence modulo P .
With this claim, we can continue picking another variable and reduce to a bigger ideal
that does not involve the new variable. We can continue the process until we reach an
ideal that does not involve any zi,n, or xi,n or yi,n. This ideal is In−1.
Proof of claim: Without lost of generality, we just need to show: there is a filtration
from (AY (yij , {a
Y
l }), B
Y yij) ∩ (A
U (yij , {a
U
l }), B
Uyij)) to (A
Y , BY ) ∩ (AU , BU ) with
quotients are the form P/PL as above. For convenience, we write AY ({aYl }) = A
Y C
and AU ({aUl }) = A
UD. Then we look at the following filtration:
(AY yij , A
Y C,BY yij) ∩ (A
Uyij , A
UD,BUyij)
= ((AY ∩ AU )yij , (A
Y ∩ AU )Cyij , (B
Y ∩ AU )yij , (A
Y ∩ AU )CD,
(AY ∩BU )yij , (B
Y ∩BU )yij) =: J0
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⊂ ((AY ∩ AU )yij , (A
Y ∩ AU )C, (BY ∩ AU )yij , (A
Y ∩BU )yij , (B
Y ∩BU )yij) =: J1
⊂ ((AY ∩AU ), (BY ∩ AU )yij , (A
Y ∩BU )yij , (B
Y ∩BU )yij) =: J2
⊂ ((AY ∩ AU ), (BY ∩ AU ), (AY ∩BU )yij , (B
Y ∩BU )yij) =: J3
⊂ ((AY ∩AU ), (BY ∩ AU ), (AY ∩BU ), (BY ∩BU )yij) =: J4
⊂ ((AY ∩ AU ), (BY ∩ AU ), (AY ∩BU ), (BY ∩BU )) = (AY , BY ) ∩ (AU , BU ) =: J5.
We have
J1/J0
= (AY ∩ AU )C/((AY ∩ AU )CD, (AY ∩ AU )C ∩ (AY ∩ AU )yij , (A
Y ∩ AU )C ∩
(BY ∩ AU )yij , (A
Y ∩ AU )C ∩ (AY ∩BU )yij , (A
Y ∩ AU )C ∩ (BY ∩BU )yij)
= (AY ∩ AU )C/((AY ∩AU )C(D, yij), (A
Y ∩BY ) ∩ AUCyij , (A
Y ∩ AU ∩BU )Cyij ,
(AY ∩BY ) ∩ (AU ∩BU )Cyij)
= (AY ∩ AU )C/((AY ∩ AU )C(D, yij), (A
Y aY ) ∩ AUCyij , (A
Y ∩ AUaU )Cyij ,
(AY aY ) ∩ (AUaU )Cyij)
= (AY ∩ AU )C/((AY ∩ AU )C(D, yij)).
Hence reg(J1/J0) = reg(A
Y ∩ AU )C. Also
J2/J1
= (AY ∩ AU )/((AY ∩ AU )(C, yij), (A
Y ∩ AU ) ∩ (BY ∩ AU )yij , (A
Y ∩ AU ) ∩
(AY ∩BU )yij , (A
Y ∩ AU ) ∩ (BY ∩BU )yij)
= (AY ∩ AU )/((AY ∩ AU )(C, yij), (A
Y ∩BY ∩AU )yij , (A
Y ∩ AU ∩BU )yij ,
(AY ∩BY ) ∩ (AU ∩BU )yij)
= (AY ∩ AU )/((AY ∩AU )(C, yij), (A
Y aY ∩AU )yij , (A
Y ∩ AUaU )yij ,
(AY aY ) ∩ (AUaU )yij)
= (AY ∩ AU )/((AY ∩ AU )(C, yij)).
Hence reg(J2/J1) = reg(A
Y ∩ AU ). Similarly for
J3/J2
= (BY ∩ AU )/((BY ∩AU )yij , (B
Y ∩ AU ) ∩ (AY ∩AU ), (BY ∩ AU ) ∩ (AY ∩BU )yij ,
(BY ∩ AU ) ∩ (BY ∩BU )yij)
= (BY ∩ AU )/((BY ∩ AU )yij , (B
Y ∩ AY ∩ AU ), (BY ∩AY ) ∩ (AU ∩BU )yij ,
(BY ∩ AU ∩BU )yij)
= (BY ∩ AU )/((BY ∩ AU )yij , (B
Y ({bYi }) ∩ A
U ), (BY ({bYi })) ∩ (A
UaU )yij ,
(BY ∩AUaU )yij)
= (BY ∩ AU )/((BY ∩ AU )({bYi }, yij)).
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Thus reg(J3/J2) = reg(B
Y ∩AU ). Similarly for
J4/J3
= (AY ∩BU )/((AY ∩BU )yij , (A
Y ∩BU ) ∩ (AY ∩ AU ), (AY ∩BU ) ∩ (BY ∩ AU ),
(AY ∩BU ) ∩ (BY ∩BU )yij)
= (AY ∩BU )/((AY ∩BU )yij , (A
Y ∩BU ({bYi })), (A
Y aY ∩BU ({bYi })),
(AY aY ∩BUyij))
= (AY ∩BU )/((AY ∩BU )(yij , {b
Y
i })).
Therefore reg(J4/J3) = reg(A
Y ∩BU ). Finally,
J5/J4
= (BY ∩BU )/((BY ∩BU )yij , (B
Y ∩BU ) ∩ (AY ∩ AU ), (BY ∩BU ) ∩
(BY ∩AU ), (BY ∩BU ) ∩ (AY ∩BU ))
= (BY ∩BU )/((BY ∩BU )yij , (B
Y ({bYi }) ∩B
U ({bUi })),
(BY ∩BU ({bUi })), (B
Y ({bYi }) ∩B
U ))
= (BY ∩BU )/((BY ∩BU )(yij , {b
Y
i }, {b
U
i }).
We obtain reg(J5/J4) = reg(B
Y ∩BU ).
Since by induction hypothesis we have
reg(AY , BY ) ∩ (AU , BU ) = d = d(AY , BY ) ∩ (AU , BU ),
it follows that
d(AY ∩ AU ) = d(BY ∩ AU ) = d(AY ∩BU ) = d(BY ∩BU ) = d
and
reg(AY ∩ AU ) = reg(BY ∩ AU ) = reg(AY ∩BU ) = reg(BY ∩BU ) = d.
Also notice that reg(AY ∩ AU )C ≥ d(AY ∩ AU )C ≥ d + 1. We use the regularity
of the quotients of the filtration. to obtain the regularity of J0. We have regJ4 =
reg(J5) + 1 = d+ 1 and regJ3 = d+ 1 = regJ2 = d+ 1 = regJ1 = d + 1. Notice regJ0 ≥
degJ0 ≥ degJ1 + 1 = d + 1. We will show regJ0 ≤ d + 1, hence regJ0 = degJ0 = d + 1.
Assume regJ0 > d+ 2, then regJ1 = max{regJ0, regJ1/J0 = reg(A
Y ∩ AU )C} > d+ 2, a
contradiction. Hence regJ0 = d+ 1 = degJ0. This completes the proof of the claim.
Since s1 ≥ s2, we assume s1 = m and we observe that (in(L))
∗ does not involve yin
for i > 2 and zmn. If t2 < n, then (in(L))
∗ does not involve yin for all i. By using the
claim above, we can find a filtration starting from (in(L))∗ to an ideal Jy1n , where y1n is
not a factor of the minimal monomial generators of Jy1n . Then we continue the filtration
to an ideal J2n such that y2n is not a factor of the minimal monomial generators of Jy2n .
We need those two steps when t2 = n, otherwise we skip those steps. The next step is
to look at zm−1,n and find a filtration until an ideal Jz,m−1,n such that zm−1,n is not a
factor of Jzm−1,n . Next we consider zm−2,n and continue to z1n. Finally, we consider x1n.
Then we will get the ideal In−1. We will have a filtration as follow:
In ⊂ Jy1n ⊂ Jy2n ⊂ Jm−1,n ⊂ Jm−2,n ⊂ .... ⊂ Jx1n = In−1.
Hence by using a similar argument as in the proof of the claim, we have
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regIn = regIn−1 + 2 +m− 1 + 1
= m(n− 1)− 1 + t1 − 1− (s1 − 1) + t2 − 1− (s2 − 1) +m+ 2
= mn− 1 + t1 − (s1 − 1) + t2 − (s2 − 1)
= dIn−1 + 2 +m− 1 + 1
= dIn.
This complete the proof of this Lemma.

We are now ready to prove Theorem 1.
Proof of Theorem 1: We know that k[X,Y, Z]/(in(K) is Cohen-Macaulay by Lemma 21
and Theorem 3. Hence R(D) = k[X,Y, Z]/K is Cohen-Macaulay [E]. 
References
[B-H] W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge Studies in Advanced Mathematics 39,
Cambridge University Press, Cambridge, 1993.
[E-R] J. Eagon and V. Reiner, Resolutions of Stanley-Reisner rings and Alexander duality, J. Pure Appl.
Algebra 130 (1998), 165-175.
[E] Commutative algebra with a view toward algebraic geometry, Graduate Texts in Mathematics 150,
Springer-Verlag, New York, 1995.
[G-S] D. Grayson and M. Stillman, Macaulay 2, A computer algebra system for computing
in algebraic geometry and commutative algebra, available through anonymous ftp from
http://www.math.uiuc.edu/Macaulay2.
[G-P-S] G. Greuel, G. Pfister, and H. Schonemann, Singular 3.1.0, A computer algebra system for poly-
nomial computations, available through http://www.singular.uni-kl.de.
[H-T-Z] J. Herzog, Z. Tang and S. Zarzuela, Symmetric and Rees algebras of Koszul cycles and their
Groebner bases, Manuscripta Math. 112 (2003), 489-509.
[L] K-N Lin, Rees Algebras of Diagonal Ideals, preprint.
[M] A. Micali, Sur les algebres universelles, Ann. Inst. Fourier (Grenoble) 14 (1964), fasc. 2, 33–87.
[S-S-U] A. Simis, K. Smith and B. Ulrich, An algebraic proof of Zak’s inequality for the dimension of the
Gauss image, Math. Z. 241 (2002), 871-881.
[S-U] A. Simis and B. Ulrich, On the ideal of an embedded join, J. Algebra 226 (2000), 1-14.
[S-S] B. Sturmfels and S. Sullivant, Combinatorial secant varieties, Pure Appl. Math. 2 (2006), 867-891.
Department of Mathematics,
University of California, Riverside, CA 92521, USA
e-mail: linkuei@ucr.edu
